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ABSTRACT

This paper is a follow up of [B,]. It is shown that the sequence of squares
(n*|n =1,2,...} contains A( p)-subsets of “maximal density”, for any given
p > 4. The proof is based on the probabilistic method developed in [B,]and a
precise estimate of the A(p)-constant for the sequence of squares itself.
Analogues of this phenomenon are obtained for other arithmetic sets, such as
the sequence of kth powers {n¥|n=1,2,...} or the sequence of prime
numbers. Sections 2 and 3 of the paper are of independent interest to
orthogonal system theory.

1. Introduction

Following [R], a subset S of the integers Z is called a A(p)-set (p>1)
provided an inequality
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holds, for some constant 0 <C <co and all (finitely supported) scalar
sequences (a,),es- Here || ||, refers to the L?-norm on the circle T = R/2znZ.
Using the function space language, the previous condition (1.1) is written as
Lg = L} (cf. [G-McG])).

A natural problem in this subject is the existence, for given p = 2, of
A( p)-sets which are not A(g) for any ¢ > p. (The case p <2 is settled by a
result stating that forany S C Z, { p€]1, 2] | S'is A, } is an open interval, see
[B-E)).

When p is an even integer > 2, the problem may be solved by explicit
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constructions. (The case p = 4 goes back to Rudin’s paper [R].) Recently the
author obtained a probabilistic technique to generate such sets, for any real
number p > 2 (see [B,]). The existence proof is based on statistical verification
among subsets of {1, 2, ..., N} of a given size. The case p = 2 is open so far
and cannot be solved by a purely probabilistic extraction argument, in view of
the results of [B,].

The search for explicit examples gives the A( p)-set problematic a combina-
torial and number theoretic flavor. For instance, an easy condition to ensure
that S is a A(4)-set is the following:

(12) m, ms, n,, nzeS and m, + m,=n, + n,= {ml, mz} = {nl, nz}.

(1.2) permits one indeed to construct A(4)-sets which are not A(q) for any
q>4.

Some attention was paid to the sequence of squares {n*}. In [R], it was
observed that {n?} is not a A(4)-set. The problem whether {n?} is A(p) for
p <4, in particular a A(2)-set, is still open. Let us at this point make a
computation of the 4th moment of a polynomial

N
(1.3) f=Za,e"™
1
clearly ,
"f":= 2 amd"ei(ml_nz)t
1=m,nsEN
(1.4) 2
= ) a,d
|k| <N | (m—n)m+n)=k e
l=m,nEN

The number of terms in the inner sum corresponds to the number of divisors
of k in the interval [N — /N? -k, ﬁ[ and hence is bounded by the number
d(k) of divisors of k.

Invoking the Cauchy-Schwarz inequality, it follows that

(1.5) Ifli= 2 dk) X laxlPla.l%
k| <N? m?—nt=k
I=m,nsN
thus
N 12
(16) " f"4§ eclogN/loglogN(E Ian |2> .
1

On the other hand, if we let a, = 1 (1 = n = N) in (1.3), (1.4) yields that
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Ifldz X (#{N3<q<Ni2lqlk})

NYa<k <NY3

l

> N? @9) (¢, ¢’) = greatest common divisor
Ni3<g,q'<NI2 qg.q’

(1.7)

~N?log N.

Hence {n?} is not a A(4)-set.
In this paper, we will only be concerned with the A( p)-property for p > 2. If
p > 2, condition (1.1) is equivalent to an inequality

172
S gei gc(zla,,v) ,

nes

(1.8)

p

for all coefficient sequences supported by S. Denote K,(S) the smallest
constant C satisfying (1.8), i.e. the norm of the identity operator L3 — L§.
Rephrasing (1.6), (1.7), we get thus

log N
(1.9) c(logN)”“<K4({n2|1§n§N})<exp(c %8 )
log log N,

Refining these estimates is an interesting question which, however, will not
be pursued here. The upper estimate in (1.9) is used later in proving

ProposITION 1.10. For p >4, one has

(1.11) K,({n?|n <N})~ NV2-%
Observe that K,(S) = CN"2=¥? whenever S C {1,2,3,...,N*}, |S|>N.
Indeed
Kp(S)p IS lp/2 > 2 eint P = f Z eim P
n€s r It] <VION® | pes
(1.12)

= CN-2|SP.

Thus the bound (1.11) is the best one may achieve taking into account the
density of the set.

The computation (1.12) also shows that if § C {1,..., N} has a bounded
A(p)-constant, then |S| < CN??. In [B,] it was shown that in fact the generic
subset of {l,...,N} of size ~N*? has bounded A(p)-constant, for all
2< p<ow.

DEFINITION. A A( p)-subset S of Z has maximal density provided
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(1.13) lim SOLZNNIL

N=12,. N¥p

Observe that then S cannot be a A(g)-set, for any g > p. Rather than
invoking (1.12), this fact has also a functional analysis explanation. The linear
space [e", ..., e™] as subspace of L?(T) is (uniformly) isomorphic to the
N-dimensional /” space, i.e. [} (cf. [Zy]) for which the maximal dimension of
Hilbertian subspaces turns out to be ~ N?? (see [B-D-G-J-N] and [F-L-M]
for this and related facts in the context of Dvoretzky’s theorem).

Proposition 1.10 is the first step in proving

THEOREM 1. For all p > 4, there are maximal density A( p)-sets contained
in the squares.

This paper is not self-contained. The proof of Theorem 1 uses the techniques
of [B,], in fact a variant of this method, and making the paper self-contained
would require a full repetition of [B,].

The reader may also wish to consult [R] for background material on the
A( p)-set problem.

Next, we state some analogues to Theorem 1 for other sets.

THEOEM 2. Foranyintegerk Z 1 and p Z p(k), there is a maximal density
A( p)-set contained in the set {n*}.

Thus p(1)=2, p(2)=4. For k = 3 the estimate on p(k) will not be as
precise, due to problems similar as in the context of the solution to the Waring
problem by the circle method (see [Vaug]).

THEOREM 3. There are maximal density A(p)-sets contained in the
sequence of prime numbers, for any p > 2.

Observe that the prime numbers themselves do not form a A(2)-set, since it
may be shown that if S is a A(2)-set then

(1.14) ISN[—N,N]| <CN?,

for some constant C and p < 1.

As above, the letters ¢, C will be used for various constants.

Section 2 deals with a probabilistic result, Section 3 with the consequences,
while the last section contains some estimates on exponential sums.
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2. A probabilistic result

In order to follow this section, the reader will have to consult [B,]. Rather
than restricting to characters on a group, we deal with 1-bounded (in
L~-norm) orthogonal systems on a probability space. Observe that the notion
of A(p)-set may be reformulated for more general function systems @ =
(@, @2, . . .) and is of interest in orthogonal system theory, namely in connec-
tion with Menshov’s theorem (see [K-S]). In particular, we introduce the
following

DerFINITION. For p =2 and ® an orthogonal system, let K,(®) be the
smallest constant C satisfying

2.1) HZa,-w,- péC(E |ai|2)'/2,

for all finite scalar sequences (g;).

In the sequel, we will always assume @ uniformly bounded by 1..
The main result of this section is the following

PROPOSITION 2.2. Let®=(¢),...,¢,),2=5q<p<2r,rz2,0<p<l.
ThereisasubsetS C {1,...,n}, |S| ~ n’such that ®, = {g, IiES}fulﬁIsthe
inequality

(2.3) K,(®)) = CK(®)¥?n"2r~4P) + CK (D)"*.

Moreover, this property holds statistically, i.e. for most subsets S of this size.
The constant C dependson p, q,r, and p.

The proof of Proposition 2.2 is a variant of [B,]. Let us recall some
terminology from [B,].
Forl=m=n

172
@9 To={a=@isslia1=(3a)" = 1a0d 1suppa| s},
d=n""**and {&(w)|1 =i =n) are independent 0,1-valued random vari-

ables of expectation d (selectors).
Denote further

(2.5) Jow = 2 &(w)a;0;,
(2.6) K (w)=K,({¢: [ i €S.)),
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where
2.7) S,={1=i=nl|&w)=1}

is the random set.
Denoting w,,w,, w; independent copies of w, define

Km.,mz,m;(wh w29 CO3)

(2.8) |

= sup sup sup —\/m= Y &) (@i, Sswmll + 1 fow] P
1

|A| Sy 6ETy, (ETp, i€4

Denote further g, = log n.
Referring to [B,] (more precisely (3.22), (3.23), (3.24), (3.28) in [B,]) one has
that

f K, (w)’dw
(2.9 =C f K,(w)?'dw
+ f {;}lgio d§0 (sup | Koy, mi( @01, 03, @3) | L“{dwl)]} dw,dw;,
where the supremum is taken over all m,, m, satisfying
(2.10) neZm; =2m,,  my=m.

REMARK. It is easily verified that the other expression (3.24) in [B,]
may be estimated by (3.28) of [B,], ie. (2.9). As in [B,] we evaluate
| Ko (@15 @2, @3) || o9y, Using lemma 1, lemma 3 of [B,]. These are

LEMMA 2.11. Let & be a (bounded) subset of R, B =sup,cq|x|. Let
0<d <1 and (&), selectors of mean 8. Let 1 =m = n. Then

sup [ Y &(w)x;]

x€&,|A|smLi€A

12 1\-12 8
§C(6m+ %o ) B+<log5) f JIog Ny(&, 1) dt,
0

log(1/9)

L*Ydw)

2.12)

where for t >0, Ny8&, t) stand for the metrical entropy numbers of &, with
respect to the euclidean distance.

LEMMA 2.13. Let ®=(¢,,..., ¢,) be an orthogonal system of functions
uniformly bounded by 1, m = n and 2 = s < . Define
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(2.14) P, ={2a,«(o,- laz(a,.)e"r,,,}».
Then
2.15)  log N,(P,,, 1) = Cmllog(l + n/m)}t™  fort>1},
1 .
(2.16) logN, (P, t)=Cmllog(l + n/m)]log; for0<t <4,
where C = C, and v = v(s)> 2. Again N(P, t) stand for the metrical entropy
numbers of P considered as subset of L*.

Estimation of || Ky, m,m(@1, @2, ©3) || Loaaery fOllOws next.
Freeze the variables w,, w, for the moment and denote

2.17) 8= fows  He=Jeor
Apply (2.11) where m = m, and
(2.18) & = {(1(9:, &(1 + 1h:)? Y )=1 | BET,, cET,}.
Observe that gy/log(1/d) = o(1). Hence (2.12) yields
I Km,m;,m;(wl’ @), @3) || Loxdsy)

2.1 B
(2.19) =C(0 +m H"B + C(m, log n)””zf J1og N8, t)dt
0

where B =sup,cq|x| is evaluated now. Linearizing and invoking the
L9, L7-duality, Holder’s inequality, one gets

(2 (9, gs(1 + | h.|)? 2y D)2
(2.20) éKq@)[ f 165171 + lhcl)“’-zw]”“'

=K@ Ngsllp 1+ Thed 177 A+ A 1)
Remembering (2.17)
(2.21) B = K,(D)K,(w)K,(w:)"'" ~'mj2ela =,
On the other hand, using the L7, L"-duality, also

1
(2'(“’“5’5“*"’vl)’”)Iz)"zéKr@)U|g5|"(1+|h,,|)“"2”'] :

(2.22) B = K,(D)K,(w;)K,(w3)?" ~ ' mixpir =,
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We now estimate the euclidean distance between elements of &. Again using
L', L"-duality
[(1€@is &(1 + Th: 1)) 1) = (1{ i, 8y (1 + 1A )P 72) 1))
(2.23) = (2 <9, &(1 + | A )72 — g (1 + |h])? ) )2

SK®@) | g1+ 1A ])? 72— g (1 + |h])? 72,
By the scalar inequality
|x(1+ |y )P~ 2= x(1+ |y’])? 72
228 _ po , =Dy —
Shx—x A+ [y +Clx’ A+ yD+ 1y ly =yl
where (p — 3)* = max(p — 3, 0). One gets by Holder’s inequality
(2.25) K(D)~'.(2.23)

=& —gllall L+ 1A 01772

(2.26) +CN & llp N 1+ 1] + Vel 12757 [ A — e ||
where
7 — 2 ' 4 7’ — 3 + 7
b p p p 2]

Observe at this point that the existence of finite p,, p, fulfilling (2.27) is
implied by the hypothesis p <2r.
Again by (2.17)

(2.28) (2.25) = K,(@03)" 2 || & — & I
(2.29) (2.26) = CK, (0K, (w3)* " || he = hee ||
By (2.23), it follows thus that for & defined by (2.18)

!
K,(?)

log N, <¢$, ) =log N, (P, ctK,(w5) ~7*?)

(2.30) +1og N, (P, ctK,(w,) 'K (wy) ~2~¥").

Substituting the bounds (2.21), (2.22) on B and the entropy estimate (2.30), it
follows that



Vol. 67, 1989 ON A(p)-SUBSETS OF SQUARES 299
(2.19) = C5VIK, (DK, (@)K, (5)* = my2ea =)
+ Cmi K A@)K, (2K, (03) 7~ e

(2.3 + C(m, log n)~"*K,(®)K,(w;)?~* (Lw V910g N, (P, t) dt)
+ K (DK, (K, ()~ V" ( fo * Jlog N.(P.r, t)dt)} :

From (2.15), (2.16) in Lemma 2.13, one gets for s < o

(2.32) fw JIog NAP,..))dt < C./mlogn.
4]

We substitute (2.32) in (2.31) and obtain an estimate on
" K—ml,m1,m;(w1, W, wS) "L"‘(dw,)

172
= CK (DK, (0)K (wy)”" 7! (fli’) mi/ela=1)
n

(2'33) + CK,(@)K,,(G);)K,,((O;) pir'— lmz— 1/2m;/2(p/r— 1)

12 12
+ CK@K, 097 (22) "+ CROK, (@, 09 (22)
1 m[

Going back to (2.9) and taking for fixed d the corresponding supremum
yields the expression

172
CK (@)K, (@K, @97~ (%) mos-
n

(2.34) + CKADP)K, (w)K,(w3) 7"~ 12 —d/2m§/2r~ 1
+ C2 7K (DK (w3) P2 + K (w)K, (w3)? "],

Summation over d =0, 1,2, ... and taking supremum over m; < n, yields
therefore after integration in @,, w;
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f K, (w)Pdw

< [ f Kp(w)”dw](p_lyp

t/g’ 172
+ CK,(®) [ f Kp(w)"dw] q(@> sup [m;mm—') log ﬂ]
n my<ny m3

(p=H*+1)p

(2.35)

r
+ CK,(Q))[ f Kp(a))”dw] + CK,(<D)[ f Kp(w)”dw]

Since 2r > p > q, it follows easily from (2.35) that

(2.36) f K, (@)dw < CK,(®)"n"%~9» 4 CK,(®)"".

Since K,(w) is the average K,-bound for subsystems ®, of ® of size on = n”,
Proposition 2.2 is proved.

REMARK. The reader will find the proof of Lemmas 2.11, 2.13 in [B,]. We
also refer to [B-L-M] for results related to Lemma 2.13.

3. Consequences

In this section, we draw some consequences of Proposition 2.2. Some of
them require an iteration of (2.3). We did state (2.3) for generic subsets of the
corresponding size on purpose, since sometimes one needs the set to satisfy
(2.3) for various parameter choices of p, ¢, r.

Letting ¢ < p <2g and p = q/p in (2.3), it follows that

3.1 K, (®) = CK ()"  for |®,| ~ |D|7.
More generally, if ¢ < p < oo, consider a chain
q=p<D<p<:--<p=p

satisfying p; <2p,_,.
From (3.1) and iteration, a sequence

¢3¢1D®23"'D¢j ‘P

is obtained, where
(3.2) |®;] ~ | D, _, |72,
G.3) K, (@) = CK,,_(®i_ )71
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Hence
(3.4) || ~ ||,
3.5 K,(Y)= CK,(D)*?.

For g =2, K,(®)= 1 (® is a 1-bounded ONS). Hence, for all p > 2, there is a
subset ¥ of ®, |'¥| ~ |P|¥? with bounded K, constant. This is the main result
of [B,]. We need the following generalization:

THEOREM 4. Let 2=q<p<ow and ® be a finite uniformly bounded
ONS. Then there exist ¥ C ® satisfying

(3.6) K¥)<C and |¥|~K (D) 27 0",

We did state this result as a theorem, since we believe it is of interest to
orthogonal system theory, besides the applications in this paper.

Observe that by (3.4), (3.5) it suffices to prove the statement when ¢ < p <
3q. If p <4, one may apply (2.3) with r = 2 and obtain the desired result. If
p = 4, a problem appears when estimating K,(®) for a suitable value of r and
we use again an iteration procedure.

PrOOF OF 3.6. Choose p/2 <r < 3q and consider a sequence
(3.7 2=rn<n<---<r=r, <3ir_, r_,<q/2 (i=))
Consider also a sequence
(3.8 g=p<p<---<p<p<iq, pi<pirlri-:

Take ¢, satisfying

3.9 pil2<t; <3p;—ril4,
(3.10) 0<6, <1 satisfying—=—+ .
L g9 1
Observe that by (3.7), (3.8), r,_, <t; <gq.
Define
(3.11) r=rb=t
Di
. . 1 T; 1— T;
(3.12) 0<r,<1 sansfylng—, =—+

r; q ri—y
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Observe again that r;_, <r{ <q.
Apply 2.3) with 2 = p,_, < p; <2t;, 0 <p; <1, to the system ®;_,. Hence
most O, C P,_, of size

(3.13) (D] = D,

satisfy

(3.14) K,,(®)) = CK,,_(@;_1)"-/7 | D, || D, |77 + CK,(D;-1)"".
Since 2 <r!/<r;<2r;_,,also

(3.15) K, (@) = CKAD,_ )" | D, || D, |77 + CK,_(®;_ )"~
Imposing the condition

(3.16) K@®)<C

leads by (3.15) to the condition (on p;)

(3.17) | ;| ~ | Dy 7K (D)~

We also want the first term in (3.14) to dominate the second, i.e., by (3.17),
3.11)

(3.18) Kr:(q)i— l)p"“Kt,-((Di ) - Kp,-_.((pi— ) M
By (3.12), (3.16) and interpolation

(3.19) Kr.‘((Di—l) = CKq((Di—l)"'-
Similarly, by (3.10), (3.16)
(3.20) K(®,_)= CKq(‘Di—Oo"-

Thus (3.18) will be fulfilled if
(3.21) D1+ 0t = pi_y.

Substitution of (3.11), (3.12), (3.10) in the left member of (3.21) permits one
to derive the inequality from (3.7), (3.8), (3.9).
Since the first member in (3.14) dominates the second, one has

(322) K, (®)% D 1" = CK, ()"~ |®; 17 (121 =))
from where clearly

(3.23) K, (®,)%| @2 = CK, (@) | ;"
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also, by (3.16)
(3.24) K.@)<C.

Apply now once more (2.3) with p; < p <2r, 0<p <1 to get

Yco, ¥ =P

such that, by (3.23),
(3.25) K,(¥) = CK, (@))% |'¥|"2| ;|72
Choosing p to achieve boundedness, one gets
(3.26) || ~ K, (D) 27 | D; |77
Hence (3.6) holds, by (3.23), (3.26). This completes the proof of Theorem 4. R

To establish Theorems 1, 2, and 3, the following consequence of Theorem 4
is used:

COROLLARY 5. Let S be a subset of {1,...,N}, 2<q <o, |§|>N¥,
Assume K (S) “minimal”, i.e.

(3.27) K(S)=C|S|”N~1a,
Then, for q < p, there is a subset Sy of s satisfying
(3.28) [Sol ~N¥? and K, (Sp)<C.
ProoF. Immediate from Theorem 4. |

In the case of the squares {n|1=<n = \/IT/ }, the minimality of the
A,-constant is shown for all ¢ > 4. This is done in Section 4 of this paper.

For each power k, one may prove minimality of the A,-constant of
{n* | 1 = n < N"*} for sufficiently large g.

For the prime numbers { p | 1 = p = N}, this minimality property holds for
all g > 2.

The statements in Theorems 1, 2, and 3 then follow immediately from
Corollary 5, at least the local version. Passing from the local to the sequence
version is done similarly as in [B, ], using for instance Littlewood—-Paley theory
(see the introduction of [B,]).
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4. Some estimates on exponential sums

In view of the discussion at the end of the previous section, Theorem 1 will
follow from the inequality

4.1) K({n*|tsn=N})=C,NV-22,
for p > 4.
Clearly (4.1) follows from a distributional inequality,

N
YlaP=1,
1

4.2) N
mes J[t €T | |Ya,e¥| > JN”Z} <C,07 4N~

1

for 0 <é < 1 and where C, may be taken arbitrarily small.
Denoting by a(N) functions of N growing slower than any power of N, it
follows from (1.9) that

4.3) mes {t €T

N L
2 aneZmn 1
1

> 6N"2} < a(N)3~*N 2

Thus (4.3) implies (4.2), except for large J, i.e. > 1/a(N).
To take care of such J, we use the explicit description of the exponential sum

N
(4.4) =3 e
1
on major arcs. Thus letting v = 100!, definefor | =a =g =N",(a,q)=1

(4.5) Mg, a)={tE[0,1]| |t —alg| = N7},

identifying T and the interval [0, 1].
These neighbourhoods .#(g, a) will be referred to as major arcs. There is
v, > 0 such that

(4.6) |fi] <CN'7,

if ¢ does not belong to a major arc;
1 .

4.7 fit)=-8(q,a(t —alqg)+ ON"?) iftEH(q,a),
q

where
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4 ir,

(4.8) S(g,a) =Y e¥ird,
i

4.9) b(B)=N fo L ey

The reader will find details on these matters in [Vaug] for instance. For our
purpose here, only the estimate

(4.10) [ =Cq (|t —alqg) + N~ forteH(q,a)

will be relevant.
The only difficulty in deriving (4.2) from (4.6), (4.10) is to pass from (4.4),
i.e. coefficients 1, to a general coefficiental sequence d = (a,); <<y, 14| = 1.
we assume 0 > 1/a(N).
Lett, ..., 1z be 1/N*separated points in [0, 1] satisfying
N

in?
2 a, eZmn {,
1

(4.11) >N (1=r=R).

Our purpose is to estimate R. By linearization, (4.11) yields

(4.12) >

I=r,r£R

N
Y exp[2minX(t, — z,,)]‘ > §2NR?,
1

Letting y > 2 be fixed, (4.12) and Holder’s inequality imply
(4.13) Y ft, —t,)] > ¥NIR?,

1=r, =R

Consider the function

4.14) F(@)=(N?sinf| +1)77?

satisfying

(4.15a) | F|l,~1/N%

Define

(4.15b) G(t)= .EQ q "*F(t —alq) where Q ~d7%
0=a<gq

Thus (4.13) implies
(4.16) Y G, —t)>0YR2

I=r,rr=R
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Let 0 = ¢ = C be a function on T verifying the conditions

(4.17) supp 6 C [ — N%, N7,
(4.18) I o |l <CRIN?,
(4.19) ¢ = 1 on a 1/N*-neighbourhood of {1, ..., &}

Denote o the indicator function of a 1/10N?-neighbourhood of 0ET. By
the separation-hypothesis of the points ¢, and (4.19)

(4.20) o= Y H(—1).
1

Define o, by 6,(8) = a( — 6). Thus, from (4.20)
(4.21) (cxo))=ZC Y N0 - —1t).

l=r,rY=R
Since F(6) ~ F(0’) for |0 — 6’| < 1/N?, it follows from (4.16), (4.21) that
(4.22) (G,0*0,) = CN%*R?,
Expressing the left member of (4.22) in Fourier coefficients, one gets

(4.23) Y 16(K)|*|Gk)| = CN~*6¥R?,
k| =N
and we estimate the left member.
It follows from (4.15b) that

(4.24) Gk)= Y q'""F(k).
g=Q
qlk

— A

Hence, by (4.15a)
(4.25) |G(k)| < CN~d(k; Q),

where d(k; Q) stands for the number of divisors of k less than Q.
Fix t > 0. Estimate by (4.18), (4.25) and the construction of ¢

3 160Gk

1k| =N

(4.26) =CN?2 ¥ Zd(k; Q) 6(k))?

kI <N

<CN~“QR + CQR*N-*|{0 =k = N?| d(k; Q)> Q%}|.
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Thus
“4.27) CQ"+ CQRN?2|{0=k =N? l dik; Q)> Q"}| = C6”R.

LemMA 4.28. |[{0=k=N | dk; Q)>Q"}| <C.3Q BN whenever 0<
T<B<o0.

Once the lemma is proved, (4.27) yields R S CO~¥~% <472 sincey > 2,
7 > 0 are arbitrary. This is the desired inequality (4.2).

PrOOF OF LEMMA 4.28. For 2 = g = Q define the function %, on [0, V],
putting

Y, (k)y=1 ifqlk,

(4.29) =0  otherwise.

Fixing any integer B = 1, write

N
(4.30) {0k =N|dk;Q)>Q"} §Q"’”;L ) Q@q(k)r-

=gq=

Denote [q;, 4», - . ., g5] the smallest common multiple. Then, expanding the
power, since N is sufficiently large

1 N B
]T/EI: I:qEQ yq(k):l

(431) -~ Z [ql, q29"-’qB]_l

91,9248 = Q

1
= 3 la'(q)"<exp<CBz—o&).
2=¢=0"q log log O

Substituting (4.31) in (4.30), onc has
(4.32) 0=k =Nk 0> Q) 507

for Q large enough. Since B was chosen arbitrarily this proves the lemma. B

The proof of Theorem 1 is now complete.

We indicate the modifications of previous argument in order to obtain
Theorems 2 and 3.

Fixing a power £, it has to be shown that
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(4.33) K,({n* | 1=n =N})< CNW2-*p,

for sufficiently large p, dependent on k. We first show how to substitute (1.9) in
order to restrict ourselves to large values of 6. Letd = (a,),<,<n, |@| = 1 and
denote

(4.34) o(t) =3 ayem.

Write 1

(4.35) f o |9OPdL = (GN)P72 < NP27H,
{lel <&N"}

provided

(4.36) 8y < NU—K¥p =2

Letting p — o0, one may thus restrict to values 6 > N7, with 7 arbitrary small,
in proving a distributional inequality

(4.37) mes{tET| |p(r)] > N2} < Co~ P+ N,
that will imply (4.33). Letting now

(4.38) Aty =3 e,
1

the relevant behaviour of fis taken care of by H. Weyl’s inequality and the
description of f on major arcs (cf. [Vaug]). The rest of the above argument
remains analogous. Here the exponent y has to be taken sufficiently large, again
depending on k. The details are very much routine and we leave them to the
reader.

In Theorem 3, the prime numbers {1=p =N | p prime} are considered.
We claim that for r > 2, one has

(4.39) K.({1 <primes <N}) < C,N/*N-"r,

letting N, = N/log N, i.e. the size of the set under consideration.
For ¢(t) = ZV a,e¥™, Z|a,|* = 1, write

(4.40) f \p()dt < (B, NI?) =2 < Ni2N -,
{lol <&N'")
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provided

(4.41) dp < C(log N)~1r=2,

Thus the distributional inequality (for any & > 0)

(4.42) mes(t ET| |p(t)| > IN}?} < C,672*N~!

only needs to be verified for § > (log N) €.
The exponential sums with prime frequences are

(4.43) fiy= % log pe*®*,
1

They are introduced by writing

¥ a A
t)= £ log p e*™#,
o(t,) }1] /——-logp\/

(4.44)

N
— 2 lap \/@ezmpz, + O(Nlm),
1”7 ogp

and linearizing to get (4.12) above. Thus

(4.45) E;gl—l\_f l;r,zr’gR é log p exp[2mip(t, — t,)]| > CI°N,R2.
Hence

(4.46) l Z{ . | flt, —t,)| > C6*NR?

or, fixing some y > 1,

(4.47) 1 Z, . | f(t, — t,)|" > CS?N'R™.

The relevant behaviour of fis described in terms of major arcs
(4.48) M(q,a)={tET| |t —alg) PN},

for1 =a=q<P,(a,q)=1. Here P stands for a sufficiently large power of
log N. The non-negligible contribution to fwhen majorizing the left member of
(4.47) come from these major arcs. Further, for t €.4#(q, a)
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u(q)

——v(t —alq) + O(Ne~VIeN),
v(q)

(4.49) fi)=

where u is the Moebius function, ¢ the number of Dirichlet characters to the
modulus g and

N
v(B)=1Y ™™ (see [Vaug], section 3, for details).
1

We denote
(4.50) F@)=(N|sinf| +1)77,
(4.51) G@)= ZQ o(q) 'F(t —alq).
0=a<q

Then || F ||, ~ 1/N and (4.47) implies

¥ Gt —t.)>Co¥R

1=r,r’=R
Using the fact that ¢(q) > C.q' " for any 7 > 0, one proceeds as in the case of
the squares, discussed above, to bound

(4.52) Y Gt —t)<CR'*".

1=2r/2R

Hence R < C,6~2"¢and (4.42).

REMARKS. (1) There is an obvious extension of Theorem 2 to polynomial
sequences {¥(n) | n=1,2,...} where ¥(x) is a given polynomial (with
integer coefficients), using the same methods as above.

(2) We only discussed A,-sets in the context of subsets of Z, i.e. characters
on T. Considering lattice points on the sphere,

d
{(mla my, ..., md)GZd Z r‘r"sj2 =N2} H
1

for large dimension d =5, one may get A,-subsets in {1,2,...,N}4 of
maximal size, i.e. N*¥?, for suitable p > p(d). One has in particular that
p(d)—2 for d— 0. Lattice point sets on spheres have sometimes been
considered in the context of this problem.
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